The medial axis is a classical representation of digital objects widely used in many applications. However, such a set of balls may not be optimal: subsets of the medial axis may exist without changing the reversivility of the input shape representation. In this article, we first prove that finding a minimum medial axis is an NP-hard problem for the Euclidean distance. Then, we compare two algorithms which compute an approximation of the minimum medial axis, one of them providing bounded approximation results.
Introduction

1
In binary images, the Medial Axis (MA) of a shape S is a classic tool for shape 2 analysis. It was first proposed by Blum [2] in the continuous plane; then it 3 was defined by Pfaltz and Rosenfeld in [14] to be the set of centers of all 4 maximal disks in S, a disk being maximal in S if it is not included in any 5 other disk in S. This definition allows the medial axis to be computed in a 6 discrete framework, i.e., if the working space is the rectilinear grid Z n . The
In order to compute the medial axis of a given discrete shape S, we first pro-covering S: indeed, a maximal disk of the medial axis covered by a union of 23 maximal disks is not necessary for the reconstruction of S.
24
In this article, we investigate the minimum medial axis problem that aims at 25 defining a set of maximal balls with minimum cardinality which cover S. This 26 problem has already been addressed with algorithms that experimentally filter 27 the medial axis [5, 15, 6, 13] .
28
In section 2 we first detail some preliminaries and the fundamental defini- 
32
(Section 4). The greedy approximation algorithm is a first bounded heuristic.
2 Preliminaries and Related Results
34
First of all, we recall definitions related to the discrete medial axis. Given a 
41
Based on this definition, the medial axis is given by: In the remainder of the paper, we focus on dimension 2. By definition, the 45 medial axis of a shape S is a reversible encoding of S. Indeed given the cen-
46
ters and the radii associated to the medial axis balls, the input shape S can 
57
In this paper, we address the problem of finding a subset of the medial axis 58 that still covers all points of S. In the remainder of the paper, we illustrate 59 the proofs with discrete ball coverings of several complex discrete objects. In 60 order to help the reader, we choose to represent each discrete ball with the 61 polygon defined by the convex hull of the grid points inside this ball.
62
In computational geometry, covering a polygon with a minimum number of a 63 specific shape (e.g. convex polygons, squares, rectangles,. . . ) usually leads to 64 NP-complete or NP-hard problems [10] . From the literature, a related result 
83
In the following, we prefer a reduction based on the Planar-4 3-SAT problem: 
92
The reduction from any given Planar-4 3-SAT formula φ to an instance of 
Wires
131
In order to connect variables to clauses, we need wires that correspond to edges 132 in the embedding of the formula-graph. A wire must be designed such that it 133 carries either a 'True' signal (protrusion), or a 'False' signal (no protrusion) 134 from variable extremities to clauses without altering the signal (see Fig. 3 ).
135
We can define a straight wire of width 3 and whose length is equivalent to 136 0 mod 3, so that the signal sent at the left extremity of the wire will be 137 propagated to the right extremity. Furthermore a wire can be bent at angle although only one is drawn here in each case.
Clauses
165
According to these observations, it follows that the clause gadget can be min- Balls with a thick border belong to any minimum covering; any two circled points cannot be covered by a single ball.
Overall Construction and Proof
172
Given a Planar-4 3-SAT formula φ(V, C), we are now ready to construct S(φ) 
225
As a consequence, finding a k−MA with minimum k of a shape S is NP-hard. NP-hard problems, we usually want to have bounded heuristics in the sense that the results given by the approximation algorithm will always be at most 233 at a given distance from the optimal solution.
234
In the following, we first detail the simplification algorithm proposed by Rag- 
Ragnemalm and Borgefors Simplification Algorithm
243
The algorithm is quite simple but provides interesting results: we first con- 
252
The resulting setF may be such that |F| < |F|. In [15], the author illustrates 253 the reduction rates with several shapes in dimension 2 but no simplification 254 rate is formally given in the general case. In our experiments, instead of con-255 sidering the medial axis of S, we set F = RMA(S) [8] .
256
If F = {B i , i = 1 . . . k}, the overall computational cost of this algorithm is 
Greedy Algorithm: a Bounded Heuristic
259
To have a bounded heuristic, let us consider another problem called the Min- MinSetCover problem.
269
The greedy approximation algorithm is presented in 1. Even if this algorithm is simple, it provides a bounded approximation: if we denote |B|, B ∈ F) and F * the k−MA, the greedy algorithm produces a setF such that:
Algorithm 1: Greedy algorithm for MinSetCover. Data: S and F Result: the approximated solutionF U = S; F = ∅;
If we consider S as a discrete object and F the medial axis of S, the medial 
Experiments
280
In Figure 6 , we present some experiments of both approximation algorithms.
281
Two observations can be addressed: first, the reduction rate is very interest-
282
ing since almost half of the medial axis balls can be removed. Secondly, the 
Discussion and Conclusion
288
In this paper, we prove that finding a k-medial axis with minimum cardinality 289 k of a discrete shape is an NP-hard problem. To do so, we provide a poly-290 nomial reduction from the Planar-4 3-SAT problem to the k−MAP. We also 291 experimentally compare the greedy approximation algorithm which provides 292 a bounded approximation, with existing simplification algorithms.
293
In the proof, we have considered the Euclidean distance based medial axis. In 294 order to derive a proof for the other metrics, new gadgets must be defined.
295
Some cases are trivial, such as the d 8 case for which only the variable gadget 296 must be redefined (see Figure 7) . Concerning other metrics, even if the gadgets 297 may be difficult to design, we conjecture that theoretical results may be the 298 same.
299
Future works concern both the complexity of specific restrictions of the 300 k−MAP, and the approximation algorithms. Concerning the theoretical part, the result we give induces the construction of very specific discrete shapes,
302
whose genus depends on the number of cycles in the Planar-4 3-SAT instance. 
